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MATHEMATICAL SCIENCE

PAPER-III
Note : This paper contains four Sections. You are required to attempt all of
them.
SECTION 1
Note : Answer both the questions (Q. No. 1 and Q. No. 2) in 500 words each.

(2x20=40)
1. {a) Show that :

—xT—zw,neN,xeR
1+n°x

fo(x)=

converges uniformly to 0 on R but f, does not converge uniformly to

0 on any interval containing 0. . _ 10
(b)  Suppose X;, X, ......... , X,, are i.i.d. r.v.s. with a continuous d.f. F. Find
an expression for :
Pl mn X.,<a max X.>B|
ngsn J 1gjsn 7 B} 10
OR

(@  Show that A, n > 4, is generated by cycles of length 3. Further show
that all cycles of length 3 in A, n 2 5 are conjugate to each other.
Finally find two non-conjugate cycles of length 3 in A, 10

) Solve the following system of first order ordinary differential
equations :

dx
— =Xt y+z

dit

dy

—_ = _ +

dt X y zZ

gi:;!c+ -z 10
di Y&
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(@)

&)

(@)

(:)

Show that rotations of R? or R3 about the origin are the linear
operators whose matrices with respect to the standard basis are

orthogonal and have determinant 1. 10
Suppose X, X,, ........., X, are i.i.d. geometric r.v.s. Find the distribution
o
1
OR

Let u(z) be harmonic in Q, show that u(¥) is harmonic in
Q={z:zeQ}. 10

Explain trapezoidal rule to evaluate :

b
J‘ef(x) dr. 10
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SECTION I1
Note : Answer all the questions (Q. No. 3 to Q. No. 5) in 300 words each.

(8x15=45)
3. @ Does Y n2¢3 converges ? Justify your answer. 5
n=1
()  Compute j |z -1] |dz]. 5
lzZ=1

(e) Let A and B be (m x n) matrices over R. Then show that B is
equivalent to A iff rank A = rank B. 5

Mathematical Science-II1 11 [P.T.0.]
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4, (a) Let n > 1. Suppose (n — 1) ! +1 = 0(mod n). Show that n is
prime. 5

b) Find the extremal of the functional

n/2
F(y(x)) = _[ (y2 — y'2 - 2y sin x) dx,
0

subject to the boundary conditions

¥(0) =0, y(§)= 1. 10

Mathematical Science-III ' 18 [P.T.O.]
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(a)

)

Mathematical Science-111

Given xy = 1, x5 = 5 and 2z = 13 to be an optimal solution to the below

given L.p.p.
Min. 2z = 3x; + 2x,
S.t. Sx; + x5 2 10
xl _+ xg g 6
xl, x2 = 0.

Using complementary slackness properties, obtain optimal solution of

the dual of the above lLp.p.

8

Given the following distance matrix, cluster the 5 items using single

linkage hierarchical procedure. Draw the Dendrogram.

1 2
1 0
2 9 0
3 3 7
4 6 5
5 11 10

15

3

[ I = e

4

—

b

7

[P.T.0.]
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SECTION II1
Note : Answer the following questions in 50 words each. Attempt all questions
(Q. No. 6 to Q. No. 14). (9%x10=90)
6. = Let f be defined by : .
xsin(1/x) , x20
f(x)=
0 , x=0

Find the four derivatives at x = 0.

1. Let (X, d) be a metric space. Show that if {x,} and {y,} are Cauchy

sequences in X, then {d (xn

result for X = R with usual metric.

> Yp, )} is convérgent sequence. [llustrate this

Mathematical Science-I11 17 [P.T.O.]




8. Let T e L(V, V) and let m{x) = py (x)7 ... p,, (x)’m be minimal polynomial
of T factored into power of distinct primes p;(x) € Flx]. Then show that there

exists polynomials {fj(x), ......... fn()} in Flx] such that E; = f(T) statisfy
1 =FEy+ + E; and V= lv:er(pl(T})e1 5 T G)ker(pm(Tj)em,
9. Let f (2) = 1 . Find the Laurent series expansion in {z:]|2|< 1)}
T |

and {z:1<|z|<2}.

Mathematical Science-IIT 18




10. Let G be a group of order p.q where p and ¢ are primes :
(@) If p = q, then show that G is either Zpo or Z, x Z,
b IIp+gq,p>¢qandg /\/ p — 1, then show that G is isomorphic
to qu.

11.  Solve the initial value problem :
Upy = Uyy = ]
u{x, 0) = 0 and uylx, 0) = 0.

|
|
Mathematical Science-111 - 19 [P.T.0.]




12.

For a certain dynamical system the kinetic and potential energies are given
by '

_1 2 L of k4 A2
T_g[(1+2k)e +20 ¢ + 6%

_1l.2 2 L 42
and  V=gn [+ k)67 + 07,

respectively, where 0, ¢ are the generalized coordinates and n, & are constants.

Write down the Lagrange’s equations of motion and deduce that
(6-)+ nz(l;;k](9~¢)=0.-

Hence prove that if 8 = ¢ and 0=¢ at ¢ = 0, then 8 = ¢ for all .

Mathematical Science-11T 20




13. A sample of size 10 is used to test the hypothesis about median M;
Hy : M = My = 50 against H; : M > M;. The critical region is defined
as 8 or more values above 50. Find the level of significance of the
above test.

14.  Construct a (25, 22) design confounding X = ABC, B = CDE.

Mathematical Science-111 21 | [P.T.0.]




SECTION 1V

Note :  Answer questions (Q. No. 15 to Q. No. 19} in 80 words each. Attempt all
questions.

(5x5=25)
15. Let X, =n- 3[%], [m] is the greatest integer less than or equal to m. Find
lim sup %, and lim inf X, .
fl—Deoo H—o0
16. Let V be the vector space of all polynomials over R. Find a vector space W
s0 that V is a subspace of W. '
17.

If E a, 2" has radius convergence R, what is the radius of convergence
of ¥ a, 2?" and of Y a2 ?

Mathematical Science-ITI 22




18. Show that kinetic energy T of a uniform rod of mass m, whose ends have
velocities 7 and ¥, is given by :

2 2

=%m_[u +v +.E.ﬁ],

where u =fz|,v=|v].

19. (@) Define recurrent state of a Markov Chain (M.C.) and state a necessary

and sufficient condition for a state i of a M.C. to be recurrent. 2

(6)  Using the above condition prove that if i and j communicate then they

are both recurrent or transient simultaneously. 3
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