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MATHEMATICAL SCIENCE
Paper - I11

NOTES :

This paper contains FORTY (40) questions, each carrying twenty (20) marks.
The first twenty (20) pertain to mathematics, the remaining to statistics.

Attempt any ten (10) questions.
Answer each question in not more than 300 words.

(a) Let f (a, b) IR, be a nonnegative valued continuous function. Show that,

b
fx)=0, yx e [a,b] if If(x')dx =0.

(b) Let E=[-1, 1] x [ -1, 1], be the rectangle in plane.

Iff: E — IR is continuous as a function of two variables, show that f is
continuous in each variable separately. Show that, the converse is false, by
exhibiting an example. '

L2l
Suppose Zan is a series of complex numbers which converges. Define,

n=l!

f(z):Zanz“ , |2<1. Show that

n=0

f(z) tends to Za“ , as z approaches 1 in such a way that
n=0

-2

rlzf_ , 4 <1 remains bounded.

Give an example of a unique factorization domain. Obtain two distinet
factorizations of 6, 9 and 21 in

Z=(V3)={a+by"5:abeZ}.

Math. Sci, -IIT 5 [P.T.O.]




(a) Let g be integrable over a measurable set E and let < fa > be a sequence

of measurable functions such that |f,| < g on E and ) =lim{, () for
almost all x in B. Show that J¢ = lim [£,
E E
(b) Show that if f is integrable over a measurable set E, then | ¥ l is integrable

I:J'f < lJff|_

over E. Also show that

If a finite field F contains pD elements then show that each element x of F
satisfies the polynomial xP™ — x.

Are there finite fields with (a) 121 (b) 72 (¢} 343 and (d) 250 elements.

Prove that a normed linear space X is finite dimensional iff every linear
functional on X is continuous.

(a) Show that any connected metric space with atleast two elements, must be
uncountable. :

(b) Give two topological spaces X and Y such that X is homeomorphic to a
subspace of Y, Y is homeomorphic to a subspace of X but X and Y are not
homeomorphic.

Show that there are at least two vertices of degree 1 in a tree with at least two
vertices. :

(a) Using the method of successive approximation, obtain solution of the initial
value problem

Math. Sci. -III 6



10

11.

12.

13.

14,

(b) Discuss the method of solving linear partial differential equation of first
order
Pp+Qq=R
oz

where P, Q and R are functions of x, y, zand P= 5}(— , 97

2olg

For every positive integer n show that D Hd)y=n
i

where ¢ is the Euler function.

A top is spining about its symmetric axis. If one point of the symmetric axis 1s
fixed, then find equations of motion. Discuss geometrically the motion of the top.

(a) Define strain energy function. Discuss relation between strain and stress
tensor of a fluid in motion.

(b} What is Hook's law? Discuss application of the Hook's law.

15 _
(a) Prove that the equation of continuing of a fluid flow is EP + A(pq) =0,

where p and q are respectively density and velocity. Show also that in case
of an incompressible fluid, the equation of continuity reduces to the form

v-q=0

(b) Define complex potential and complex velocity of a fluid flow. State circle
theorem. Using the circle theorem find complex potential of a fluid flow
near a circluar cylinder placed in an uniform stream whose velocity at
infinity is U along negative x-axis.

Define a surface in E3. Show that the sphere

82 = {(x,, x,, x,) e E3 | x2+x2+x! = 1}is a surface in E3.

Math. Sci. -1IT 7 [P.T.0.]



15. Discuss techniques of the calculus of variation and using it and Hamilton's
principle, obtain Lagranges equations of motion

iy L o120
dt 'aqi aql .

16. Let f(t) and f'(t) be continuous for t 20 and of exponetial order. Then prove
that

LIf (£)) = sF(s) - £(0),
where F(s) = L[f(t)].

17. (a) The iteration method for finding the roots of the equation f(x) = 0 required
to write the equation in the form x = ¢ (x). Starting with x, as approximate
value of the desired root, one gets successive approximation xy = ¢ (%),
Xg = ¢ (X)) e X, = §(x,—1)- In what way one should choose ¢ in order that
the sequence X,, Xj,.... X, conveges to the root ? Show geometrically the
cases of convergence and divergence of the sequence x,, X3, X3, ... X,.

(b} To find a real reoot between 0 and 1 of the equation f(x) = x3 +x2-1=0
by the method of iteration, rewrite the equation in the form x = ¢(x) such
that the successive approximation sequence converges to the root.

F( 1 ) _ _!_ e—[{u[
18. Show that "““_1 % 2 .

19. Let H be a separable Hilbert space and T € B(H) be a normal operator. Show
that “T2“ = ||T": and then derive that spectral radius, r (T), of T is equal to

I

Math. Sdi. -I1I 8



21.

22,

23.

24.

d
{a) Find solution of the initial value problem % =3y+1;y(0)=2,

(b) If o, D+B,D'+7v, is a factor of F(D, D" and 4 (E,) is an arbitrary function
of single variable & o, # 0 then prove that

y, =exp [— %5] ¢.B.x-a,y)

r

is a solution of the equation F(D, D) z=0.

Maximize Z =5x; + 4x,
Subject to X] +%X9 £ 5
10x; + 6x5 <45, x5, X9 2 0, integers.

Let {Ay} be a sequence of events in a probability sapce (Q.AP). If A, cA,

' ® lim
for everyn> 1andif A =UAn then show that B P(A,)=P(A)
n=l n—»

If {A,} is any sequence of events in (Q. A P) and if B, = nAk for n = 1 then

A=n
lim

find __ _P(B)

State and prove Levy-Lindeberg version of Central limit theorem. Hence show
that if Z, is chi-quare with n degrees of freedom then

P(z, <n) > % as n—»aw

State Holder's inequality and using this inequality prove Minkowski's
ineqguality. '
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26.

27.

28,

29.

Define the characteristic function of a distribution function F and show that it
always exists.

Obtain the characteristic function of a normal distribution with mean p and
variance 62 . Hence or otherwise find E[cos X] where X ~ (U, 2 ).

For a yandom variable X let B, =E [X|'
Prove that 't < B forr=1,2,3.......

State precisely any result you wish to use.

Let X;, Xy, ..... X, be i.i.d Poisson P(A) r.v.s.

_ _ , 1 n
Let X:Z _'9 q?

> (%, -XJ.

= 1 =(n—l) i=l

Show that aX + (1 - (1)S2 is unbiased for A for any o real. Find the value of o
for which the estimator is UMVU.

Let x4, X, ... X, be a random sample from a uniform distribution U(0,9 )
() Find M.LE.of 9

(11} Find an unbiased estimator of § which is a function of M.L.E. obtained
in (1).

(ii1) Obtain the variance of the unbiased estimator obtained in (ii).

In a multinomial model the cell probabilities and observed frequencies are
known to be

Prob. 0/2 (1 -8)3 1+ 9)3 (2-390)/6
Frequency 6 20 28 18

Obtain M L E of 9.

Math. Sci, -III 10



30.

31,

33.

Let X4, ....., X be a random sample from the distribution with p.d.f.
1
flx, b, 0)= —exp {-(x—n)o}
x>d peR.o>0.

Let X(l}’ X(z}, rees X(n) be order statistics and Di = X(l) - X(i—l)’ i=12 ...n
and X(O) ={.

Obtain the joint distribution of Dy, Dy, ..... D,. Hence or otherwise show that
for I<r<s<k< n, Xy and Xg, - X are independent.

Let Xy, Xg,..... be 1.1.d U (8- 1, g + 1) r. v.s. Suggest three consistent estimtors

T, Ty and Tj respectively based on minimum, median and maximum of a
random sample of size 2n+1. Carryout their performances based on mean
squared errors.

. (X 3 El _ Z” ZI?
i 0 s B E

(1) Prove that X, and X, are independent if and only if },,, = 0.
(ii Obtain conditional distribution of X, given X, .

State Gauss-Markov Theorem. Define estimability of a linear parametric
function.

fetY; (i=1, 2, 3) be independent obhservations with common variance and

EY, = 8,-6,

Examine for the estimability of every linear combination of the parameters.
Obtain BLUE of 6, - 0,.
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34.

35.

36.

37.

38.

39.

40.

(a) Define ratio estimator Y, of population total and obtain V(?R )
(b) Inlarge samples with simple random sampling obtain the condition under

which estimator Y, has a smaller variance than the estimator ¥ =NV .

Define Youden square design. Give a complete analysis of a Youden square
design.

Define (i) moving average process (ii) ARMA (p, @) process.

Explain how ARMA (p, q) can be expressed as an infinite moving average
process.

Suppose {X,} is an irreducible Markov chain with state spae I = {1, 2,....., M}.

Prove that there exists a unique stationary distributionz ={x,.....n,,} for {X, }-

n

Suppose the distribution of X_ is n. What is the distribution of X, ?

(a) Describe basic concepts essential to construct a life table.

(b) State the assumptions on which the construction of life table is based.’

Consider a single period inventory model for an item with a random demand.
The purchase cost of the item is ¢, unit holding cost is h and shortage cost is
p. If there is no ordering cost and the aim is to minimize the expected total cost,
develop the model and derive the optimal order quantity.

A 4 ton vessel is loaded with one or more of three items. The following table
gives the unit weight, w;, in tons and the unit revenue r;, in lacs of rupees for
item 1. Discuss how the vessel should be loaded to maximize the total return
by dynamic programming.

Item (1) Wi Iy
i 3 47
2 31
3 1 14

Note : Fractional item can not be loaded.
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